A theory of elastically rigid finite deformation plasticity emphasizing the role of material symmetry is developed. The fields describing lattice rotation, dislocation density, and plastic spin, irrelevant in the case of isotropy, are found to be central to the present framework. A plane strain characteristic theory for anisotropic plasticity is formulated wherein the solutions, as well as the nature of their discontinuities, show remarkable deviation from the classical isotropic slipline theory.
is assumed to be oriented with a well defined unit normal n s ∈ V and normal velocity (with respect to a fixed reference frame) V ∈ R.
The equations of mass balance are (cf. p. 71 in [32] ) ∂ t ρ + div(ρv) = 0 in κ t \s and (1.2)
V ρ − ρv · n s = 0 on s, (1.3) where ρ ∈ R is the mass density in κ t , ∂ t is the time derivative at fixed x, and div is the divergence with respect to x. Here, · ≡ (·) + − (·) − is the discontinuity on s, with subscripts ± denoting the limits of the argument as s is approached from the regions into which n s and −n s are directed,
respectively. The equations of momentum balance are (cf. p. 73 in [32] ) div T + ρb = ρ∂ t v + ρLv, T = T t in κ t \s and (1.4)
T n s + j s v = 0 on s, (1.5) where T ∈ Lin is the Cauchy stress, b ∈ V is the specific body force density, L ≡ grad v is the velocity gradient (grad denotes the gradient with respect x), and j s ≡ ⟨ρ⟩V − ⟨ρv⟩ · n s is the flux of mass through the singular surface, where ⟨·⟩ ≡
Assume the body to be a materially uniform simple solid [24] . For a simple body the material response at a point is given in terms of the local value of fields, whereas material uniformity requires all the points in the body to consist of the same material. For a materially uniform simple solid there always exists a uniform undistorted configuration with respect to which the material symmetry group of every material point is a subset of the orthogonal group and is uniform (i.e. the symmetry group is identical for all material points). The body is said to be dislocated (or inhomogeneous)
if there is no globally continuous and piecewise differentiable map from κ t to any undistorted configuration [24] . It is then useful to work with the local tangent space of the latter denoted by κ i ⊂ V (the intermediate configuration) in our subsequent discussion. For an elasto-plastic body κ i can be obtained as a local stress-free (or natural) configuration [13] . For an elastically rigid plastic isotropic body the current configuration κ t can be identified as a uniform undistorted configuration and hence it remains homogeneous; that this is not so for anisotropic bodies is argued in Subsection 2.1 below. The lattice distortion H ∈ Lin is defined as the invertible map from κ i to the translation space of κ t . The plastic distortion K ∈ Lin, which maps κ i to the translation space of κ r , is thus
given by H = FK. Writing K −1 as G, often denoted by F p in the literature, this multiplicative decomposition becomes F = HG. (1.6) We impose J H > 0 and obtain J G > 0. Unlike F, neither H nor G are, in general, gradients of vector fields. A measure of their incompatibility, away from the singular surface, is furnished by the true dislocation density [4] α ≡ J H H −1 curl H −1 (1.7) equivalently given by J
−1
G G Curl G, where curl and Curl are the curl operators with respect to x and X, respectively. On surface s the incompatibility is characterized by the surface dislocation density β, defined as [1, 12] 8) where ϵ (n) is the two-dimensional permutation tensor density on T s (x), the tangent space of s at x ∈ s. For any two unit vectors in T s (x), say t 1 and t 2 , which with n s form a positively oriented orthonormal basis at x ∈ s, we have ϵ (n) = t 1 ⊗ t 2 − t 2 ⊗ t 1 . The two dislocation densities are related to each other by the compatibility condition [12] J −1
where div s is the surface divergence on s. It represents the fact that dislocation lines along the singular surface can end arbitrarily only to be continued within the neighboring bulk.
Elastically rigid plasticity.
Elastic rigidity requires H ∈ Orth + ; hence elastic strain and elastic strain energy both vanish. The lattice distortion H is then identified as the lattice rotation field. The stress field however is non-zero but indeterminate, except within the plastic region. The velocity field in the rigid region is obtained from the boundary conditions, while within the plastic region it is solved using in addition the equations of plastic flow. It is discontinuous at the boundary of rigid and plastic region and possibly across surfaces within the plastic region. Before moving to a more detailed discussion on the nature of these solutions, several general considerations regarding the intermediate configuration, the plastic spin, and the flow rule will be taken up in the following.
Intermediate configuration. The non-uniqueness in determining the intermediate config-
uration κ i for a given motion and material response is now investigated. At fixed t and for a given motion χ consider lattice distortions H 1 and H 2 from two local configurations κ i 1 and κ i 2 to κ t , respectively. The mapping from κ i 1 to κ i 2 is a tensor A defined by
A is a rotation since elastic rigidity requires both H 1 and H 2 to be rotations. The local configurations are required to yield the same motion, thereby requiring F 1 = F 2 and G 2 = AG 1 . Let G 1 ⊂ Orth + be the symmetry group at a material point with respect to κ i 1 and a given material response function.
We show that the decomposition
holds, where P ∈ Orth + is uniform 1 ; if G 1 is continuous (i.e. isotropy and transverse isotropy) then R ∈ G 1 is a piecewise-continuous field (possibly discontinuous across s) whereas if G 1 is discrete then R ∈ G 1 is a piecewise-uniform field. Similar results, within the context of elastic bodies, were first given by Noll (Theorem 8 in [24] ). To verify this proposition, consider a material response function given in terms of a smooth scalar-valued function F =F (S), where S is the second Piola-Kirchhoff stress (relative to κ i ) defined by
and denote it byF 1 (S 1 ) orF 2 (S 2 ) depending on the choice of local intermediate configuration.
This function is assumed to be invariant under superposed rigid body motions. The Cauchy stress tensor, being defined on κ t , is invariant with respect to both (2.1) and material symmetry transformations. The former invariance, with the help of (2.1) and (2.3), yields S 2 = AS 1 A t , with obvious notation. Invariance of the material response with respect to the choice of local configuration re-
. Combine these two results to obtain
Material uniformity requires F 2 to depend on position only implicitly through S 2 ; the response will be otherwise different at different material points for the same value of S 2 . This is possible if and only if P is uniform. If G 1 is a discrete group then, by the uniformity of P, R has to be piecewise- H is uniform then it can be reduced to I even in the anisotropic case; it is therefore truly relevant only for a dislocated anisotropic solid. It is also clear that, under symmetry transformations within a continuous group, the magnitude of dislocation density tensor will change implying that it can no longer be taken as a definitive measure of inhomogeneity. Otherwise, whenever the symmetry group is discrete, α is uniquely determined modulo a rigid-body rotation and β is uniquely determined modulo a rigid-body rotation and a relative rigid rotation across s, with the latter restricted to be an element of the symmetry group. 
Dissipation and plastic spin.
For an arbitrary part ω of κ t , the dissipation D is defined as the difference between the power supplied to ω and the rate of change of the total energy in ω, the latter being equal to the change in the total kinetic energy of ω. Thus,
According to the mechanical version of the second law of thermodynamics we have D ≥ 0 for all ω ⊂ κ t , or equivalently [14] D ≡ S ·ĠG −1 ≥ 0 in κ t \s and (2.6)
provided balances of mass and momentum are satisfied. These inequalities furnish restrictions on the evolution of plastic flow and the evolution of the discontinuity, respectively. It is straightforward to see that the local configurations, considered in Subsection 2.1, yield equal dissipation. Additional postulates, involving D, will be introduced in the next section to derive the equations of plastic flow while requiring inequality (2.6) to be satisfied everywhere in the plastic region. Inequality (2.7) will subsequently used to restrict the nature of stress and velocity discontinuities.
The skew part ofĠG −1 , identified as plastic spin, makes no contribution to D in (2.6). This leads to the question whether or not plastic spin can be suppressed without affecting the initialboundary-value problem. The answer is in affirmative for the case of isotropy (cf. [16] ). Indeed, with the notation introduced in Subsection 2.1, we haveĠ 2 G −1 which the plastic spin vanishes identically. This is not true for the anisotropic response, where A is uniform and hence cannot nullify plastic spin at every material point, unlessΩ is also uniform.
Moreover, as argued in [33] , the assumption of vanishing plastic spin is incompatible with the notion of fixed lattice vectors in κ i . It is shown in the next subsection that specifying plastic spin entails the prescription of additional constitutive restrictions (cf. [8] ).
2.3.
Constitutive framework for plastic flow. For a plastic deformation process, assumed to be rate-independent, the constitutive assumptions include a yield criterion, the maximum dissipation hypothesis, and a prescription for plastic spin, all adhering to material symmetry restrictions.
The yield criterion restricts the stress field, during plastic flow, to a manifold (in the space of symmetric tensors) parameterized by other variables. It is assumed to be given by
where F is a continuously differentiable scalar function of its arguments. It is invariant with respect to superposed rigid-body motions and compatible changes in the reference configuration [13] . As noted earlier, α is well-defined only for materials with discrete symmetry group and therefore so is the criterion given above; for isotropic materials F is necessarily independent of α. Let G be the material symmetry group relative to the undistorted configuration κ i and with respect to the response function given by (2.8). Then [13] F (S, α) = F (R t SR, R t αR), (2.9) where R is an arbitrary element of G. This relation is used to decide the form of F for a given symmetry group, see for example Remarks 2.2 and 2.3 at the end of present subsection.
The evolution of plastic deformation is assumed to follow from the maximum dissipation hypothesis: for a given plastic distortion rateĠG −1 , at a fixed material point (away from the singular surface), the associated stress value is the one which maximizes dissipation D, defined in (2.6), while restricting the stress field to lie on or within the yield manifold. The hypothesis is a consequence of Ilyushin's postulate for finite elasto-plasticity [14] . This is not so within the present theory of a priori elastically-rigid plasticity, where Ilyushin's postulate reduces to the dissipation inequality where M = Skw(S) and G(·, α) is a smooth extension of F (·, α) from Sym to Lin satisfying the same material symmetry rule [33] . This is an optimization problem with both equality and inequality constraints; the relevant Kuhn-Tucker necessary condition, assuming G(·, α) to be differentiable,
where λ ∈ R + andΩ ∈ Skw are Lagrange multipliers. The derivative ∂ S G ∈ Lin is evaluated on
Sym. The transpose of the fourth-order tensor
where A ∈ Lin and B ∈ Lin are arbitrary. With (∂ S M) t [Ω] =Ω (2.11) reduces tȯ 12) and hence
The material time derivative of (1.6), with H ∈ Orth + , yieldṡ 14) and consequently, using (2.13), 
Combining (2.15) and (2.17), we obtain
The rate of deformation tensor vanishes at some x if and only if v(x, t) = W(t)x + d(t), where d
and W are uniform (cf. [15] , p. 69). This will always happen in the absence of plastic flow, i.e. whenĠ = 0.
Under material symmetry transformations
R ∈ G; these follow from (2.9) and G → R t G, respectively. Relation (2.12) therefore requires Ω → R tΩ R. At this stage the constitutive specification forΩ is restricted only by material symmetry and the usual invariance with respect to superposed rigid-body motion and compatible changes in κ r . Additional restrictions are however imposed onΩ within a finite elasto-plasticity theory [33] . For an isotropic responseΩ vanishes identically and the multiplier λ is calculated as a part of the boundary value problem. For anisotropic responsesΩ is prescribed constitutively while λ is obtained by solving a partial differential equation generated from the consistency condition [14] . Finally it is clear that in the absence of lattice spin, i.e.ḢH t = 0, no constitutive rule is required for the plastic spin. The latter is then in one-one correspondence with the material spin
W.
Attention is confined to the rules of the formΩ =Ω
, withΩ a smooth function of its arguments; these are invariant under superposed rigid body motions and compatible changes in the reference configuration [13] . Rate-independence, in conjugation with (2.13) 1 , requiresΩ to be homogeneous of degree one in λ, thereby furnishing the necessary and sufficient representationΩ = λΩ(S, α), (2.20) where Ω ∈ Skw. Here we have used the fact that ∂ S G is a function of S and α.
Considerations of material symmetry, which require that
for all R ∈ G, are used to derive representations for Ω. Here it is assumed that the symmetry group obtained with respect to plastic spin function is identical to the group G defined with respect to the yield function. Under isotropic symmetryΩ vanishes identically. Indeed, for the aforementioned reasons, Ω is then independent of α and, according to a representation theorem (cf. [38] ), a skew tensor function of (only) a symmetric tensor field necessarily vanishes. Remark 2.3. (Cubic symmetry) Assume F to be independent of α and tr S (i.e. pressure insensitive); and that it depends on S through a homogeneous function of degree two. Under the cubic symmetry group the simplest representation for F is
where A 1 , A 2 , and k are constants and
is the deviatoric part of S) are the components of S d with respect to an orthonormal basis, given by {e 1 , e 2 , e 3 }, aligned with the cube axes (which are fixed and assumed to be known). The above representation is obtained using invariant theorems for a scalar function dependent on a symmetric tensor, cf. [11] . With the above expression for the yield function we obtain
The dissipation inequality (2.6) hence yields A 1 ≥ 0 and A 2 ≥ 0. To derive a simple relation for plastic spin under the cubic symmetry group it is assumed that Ω is independent of α. It is also required, based on phenomenological considerations, that Ω is an odd function of S. The simplest representation of Ω is a third order polynomial in S given by [9] 
, and 24) where Ω ij = Ω·Skw(e i ⊗e j ) and 3p = − tr S; the scalar coefficients B 0 , B 1 , B 2 , and B 3 are constant parameters. The plastic spin components given above vanish if S is coaxial with the cubic axes. 
The Kuhn-Tucker conditions, which replace (2.12), are given by (cf. [21] )
where λ a ∈ R + and Ω a ∈ Skw are Lagrange multipliers (the derivatives ∂ S G a are evaluated on 27) where
Governing equations.
The complete set of equations for an initial-boundary-value problem for elastically-rigid plastic deformations is now collected. Away from the discontinuity surface under the assumption of plastic incompressibility and continuity of mass density in κ r . Taking a dot product of (1.5) with n s and t ∈ T s (x) yields T n s · n s = 0 and T n s · t + j s v · t = 0, respectively. The normal stress is therefore always continuous across l while the shear stress is balanced by the inertial term. Due to the impossibility of non-trivial rank-one connections between two different rotation tensors any discontinuity in lattice rotation H always leads to a non-trivial surface dislocation density. The definition of the latter as well as the compatibility relation connecting the bulk and the surface dislocation density were provided in Equations (1.8) and (1.9).
Plane strain problem.
The plane strain problem is introduced by assuming the velocity field to be of the form
where x and y are the Cartesian coordinates of x ∈ κ t along e 1 and e 2 , respectively, such that unit vectors {e 1 , e 2 , e 3 } form a fixed right-handed orthonormal basis. Define ε ij = D · Sym(e i ⊗ e j ) and
as the components of D and W with respect to the fixed basis, respectively, where the subscripts vary from one to three. The gradient of (3.1) then yields
, the rest being zero. Hence D = ε αβ e α ⊗ e β and W = ω αβ e α ⊗ e β , where the Greek indices vary between one and two and summation is implied for repeated indices.
Additionally, assume e 3 to be the axis of lattice rotation field, i.e. He 3 = e 3 , and let H be independent of the out-of-plane coordinate. This immediately furnishes the representation Here γ =γ(x, y, t) represents the angular change in the lattice orientation measured anticlockwise with respect to the e 1 -axis. The functionγ is piecewise continuously differentiable with respect to the space variables but continuously differentiable with respect to time. The bulk dislocation density, defined in (1.7), reduces to
A convenient form of the dislocation density is obtained when α is written with respect to κ t , i.e.ᾱ = HαH t ; with (3.2) this yieldsᾱ = e 3 ⊗ grad γ (cf. [4] ). On the other hand the surface dislocation density, calculated using (3.2) and (1.8), takes the form
where ϕ is the angle between the tangent to the line of discontinuity in the plane and e 1 , measured anticlockwise with respect to the latter. In (3.5), and rest of the paper, it is assumed that the surface of discontinuity is such that n s is spanned by {e 1 , e 2 }; thus ϵ (n) = t ⊗ e 3 − e 3 ⊗ t, where t = cos ϕe 1 + sin ϕe 2 . Thus it will always intersect the plane in a line. If this line bisects h + α and h − α then ϕ = ⟨γ⟩, reducing (3.5) to β = −2 sin γ 2 e 3 ⊗ e 2 . As expected, dislocation densities α and β vanish if and only if grad γ = 0 and γ = 0, respectively, i.e. if γ is uniform. According to (3.4) and (3.5), α and β are densities of edge dislocations with Burgers vector in the {e 1 , e 2 } plane and dislocation lines along the e 3 -axis.
Let S ij = S · Sym(e i ⊗ e j ) and σ ij = T · Sym(e i ⊗ e j ). The flow rule (2.19) in conjunction with the plane strain assumptions imply that the yield function H is independent of σ 13 , σ 23 , and σ 33 (or equivalently that G is independent of S 13 , S 23 , and S 33 ). With the assumption of plastic incompressibility, i.e. tr D = 0, the yield functions involve the stress through its deviatoric part and hence are of the form keeping (2.3) and (3.2) in mind. 2 The flow rule (2.19) then reduces to two independent equations, which upon eliminating λ yields
It will be useful to write the above relations in an alternative form. Let σ 1 and σ 2 be the in-plane principal stresses and u 1 and u 2 be the corresponding principal directions. Let θ be the angle between e 1 and u 1 measured anticlockwise from the former. Hence obtain σ 11 − σ 22 = (σ 1 − σ 2 ) cos 2θ, 2σ 12 = (σ 1 −σ 2 ) sin 2θ, S 11 −S 22 = (σ 1 −σ 2 ) cos(2θ−2γ), and 2S 12 = (σ 1 −σ 2 ) sin(2θ−2γ).
Accordingly, the yield criterion can be expressed in the formĤ(σ 1 − σ 2 , θ − γ, α) = 0, whereĤ is a continuously differentiable function. Use of the implicit function theorem allows us to solve this for σ 1 − σ 2 and hence furnishes the following form of the criterion
where k is a (non-zero) continuously differentiable function usually interpreted as the maximum shear stress (the coefficient 2 is for conventional reasons). The flow rule (3.7) consequently reduces
where ψ is defined from Flow rules for anisotropic plastic evolution additionally involve the spin relation (2.16) which is now simplified under plane strain. To this end the material time derivative of (3.2) is substituted into (2.16) to obtain The incompressibility equation (2.28) reduces to
The yield criterion and the flow rules are given by Equations (3.8), (3.9), and (3.14). All together these are six equations for six unknowns σ 1 , σ 2 , θ, u, v, and γ, with three independent variables The last two relations together with (3.8) yield 6) which is an equation for the slope of stress discontinuity curve, and
where 2p = −(σ 1 + σ 2 ) is the hydrostatic pressure. Hence the in-plane stress components are continuous if and only if p is continuous. In fact the jump in stress tensor, projected onto the plane, can be written as
where t = cos ϕe 1 + sin ϕe 2 is the unit tangent to the discontinuity line and P = I − e 3 ⊗ e 3 is the projection tensor.
We now show that, for a strictly convex yield contour, the jump in the velocity field cannot coincide with the jump in the stress field and that the strain-rate tensor always vanishes at such a stress discontinuity (cf. pp. 271-273 in [19] ). Recall the surface dissipation inequality (2.7) which, in the present situation, takes the form
where the superscript ± implies that either of the signs can be chosen. Following Subsection 2.3, the postulate of maximum dissipation can be invoked to obtain
where χ + ∈ R + and χ − ∈ R + are plastic multipliers andχ ± = χ ± /λ ± . The second equality in (4.10) has been obtained using (2.19) . According to the stress equilibrium at the surface, i.e.
T n s = 0, and (4.10), the stress jump and the strain-rate tensor at the discontinuity are orthogonal to each other, i.e. The contradictory result proves the non-coincidence of a velocity discontinuity with that of stress, unless the yield contour is no longer strictly convex. The latter is true, for instance, when the contour has linear segments (as in Figure 1) . Furthermore, for a continuous velocity field, D = k ⊗ n s + n s ⊗ k (where k ∈ V is arbitrary), which when combined with T n s = 0 again leads to (4.11) 2 . The ensuing contradiction with (4.12) implies the absence of any plastic deformation at the interface, i.e. D ± = 0. Note that the above results hold only for the stress states away from the vertex on the yield contour; the relevant modification is straightforward and will not be discussed here.
T · D
The theory of characteristics is now used to develop a slipline field theory for isotropic and anisotropic flows. The latter is dealt with first by neglecting lattice rotation and then subsequently incorporating it. The characteristic directions as well as the normal forms have been obtained using the standard procedure from the theory of quasilinear hyperbolic equations. A brief account of the mathematical theory is given below before moving on to its application.
Consider a system of n quasilinear first-order equations
defined over some region of a two-dimensional Euclidean point space, where U is a n × 1 matrix of dependent variables, A, B (both n × n) and C (n × 1) are known matrix functions of independent variables x, y, and U ; ∂ x U and ∂ y U are partial derivatives of U with respect to x and y, respectively. If coefficients A, B and the solution U are discontinuous across a curve, say C, but smooth elsewhere then there exists a (generalized) solution restricted by the jump condition (see [7] , pp. [18, 10] . The velocity equations (3.9) and (4.2), the former of which is reduced to (with 2ψ = π/2)
486-488 for details)
are a pair of linear first-order strictly hyperbolic equations with characteristic curves identical to those of stress equations. Let s 1 and s 2 be the arc-length parameterizations along α and β-lines, respectively. The corresponding normal form, which requires vanishing of extension rate along sliplines, is given by Geiringer's equations [18, 10] 
where v 1 and v 2 are the components of the velocity along α-and β-lines, respectively.
According to (4.6), the curves with stress discontinuity are inclined at anticlockwise angle of ϕ = ⟨θ⟩ + π/4 ± nπ (n integer) from e 1 , i.e. bisecting the discontinuous β-lines [27] ; also, p = 2k sin θ . The yield surface is strictly convex and therefore discontinuities in stress and velocity never coincide; and strain-rate necessarily vanishes at every stress discontinuity. Discontinuities in the velocity field, as well as its gradient, are allowed only across the sliplines, cf. (4.10) and (4.15).
The velocity jumps are tangential and constant along a slipline, as can be deduced by subtracting (4.18) for the two limiting sliplines across the discontinuity.
The boundary between the plastically deforming region and the (non-deforming) rigid region, say C, is a characteristic (or an envelope of characteristics). The strain-rate field is necessarily discontinuous across C, with D vanishing in the rigid part but not otherwise. The velocity in the rigid region can be taken as zero by superimposing a suitable rigid-body motion. If the velocity field is continuous at C then the boundary has to be characteristic since otherwise the zero-velocity solution will be extended to the deforming region. If the velocity is discontinuous then we need to consider a generalized solution which vanishes in the non-deforming part and satisfies a jump condition of the type (4.14). The latter in turn requires C to be a characteristic for a non-trivial velocity field in the deforming region. This result was first proved in [22] , although within a less rigorous framework.
Anisotropy without lattice rotation.
Attention is now confined to yield criteria (3.8) which are independent of γ and α; hence given by (4.19) where the maximum shear stress k depends on the inclination θ of the first principal direction of stress. This is justified during incipient flow when γ can be assumed to be uniform. 20) which can be written equivalently as p + l = constant (along an α−line) and p − l = constant (along a β−line), where l, the arc-length parameter measured anticlockwise from the θ = 0 line on the polar plot, satisfy sin(2ψ β )dl = 2kdθ [20] . The velocity equations, given by (3.9) and (4.2), are a pair of linear strictly hyperbolic equations whose characteristics are identical to those of the stress equations with the associated normal form given by
which also characterizes vanishing of the extension rates along the sliplines.
Anisotropy allows for the yield locus to have vertices as well as linear segments; the contours in Figure 1 , for example, are constructed entirely of such elements. Studying the nature of solutions in regions where stress states are restricted entirely to an edge or a vertex can provide insights unique to an anisotropic theory, not to mention of their practical importance [30] . Consider a region whose stress states lie on a single linear segment of the yield locus, such that the outward normal to the edge is inclined at a constant anticlockwise angle 2η with respect to the θ = π/4 line on the polar plot. The sliplines within the region are two families of straight lines inclined at anticlockwise angles η (α-lines) and η + π/2 (β-lines) with respect to e 1 . As is clear from (4.21), the respective velocity components are constant along the characteristic direction, i.e.
Furthermore it is interesting to note that, for the considered stress states,
where C is a material constant. Indeed, for η constant, dη = dθ + dψ = 0, where d(·) denotes the differential of (·). This can be used in (3.10), with γ = 0 and k independent of α, to integrate the equation and obtain the desired result.
On the other hand, for a region with the stress state corresponding to a vertex on the yield locus, the stress is uniform within the region and the stress equations are trivially satisfied. The (a) The rectangular yield locus was used for NaCl-type ionic single crystal to study indentation [29] . (b) The hexagonal yield locus was used for a fcc-type single crystal to obtain stress fields in the neighborhood of a crack tip [30] .
and (4.2), whereλ
Relation (4.22), derived from (2.26), can be read as a one parameter family (with respect toλ) of velocity equations which reduces to (3.9) when η 1 = η 2 . The characteristic curves are mutually orthogonal and still given as those along which the extension rates vanish; their slope ϕ satisfy
With both λ 1 and λ 2 positive, it is clear that η 1 < ϕ < η 2 or η 2 < ϕ < η 1 (depending on whether
The nature of discontinuities for the case at hand is considerably different from that under isotropy. A stress discontinuity curve, whose inclination is obtained from (4.6), can possibly intersect with a slipline (this will entail a suitable modification in (4.21)). For instance, α-lines from either side can coincide with the discontinuity curve, i.e. ϕ = θ ± + ψ ± , if k sin(2ψ) = 0.
Interestingly, stress discontinuities in a region, where the stress states belong to the same linear segment on the yield locus, always coincide with a slipline. This can be seen by substituting
, obtained in a previous paragraph, into (4.6) . Moreover, it is precisely in this region that the stress and the velocity discontinuities can coincide. This is proved in the discussion following (4.10), where a flow rule for the velocity jumps is also prescribed. In any other case the stress discontinuity curves necessarily allow for only continuous velocity field and vanishing strain-rates. On the other hand, the curves across which stress is continuous but velocity (and its gradients) discontinuous, are necessarily sliplines, cf. A stress discontinuity curve inside the plastic region, where all the stress states belong to one edge of the yield contour, coincides with a slipline.
ii) The slope of a stress discontinuity curve between plastic regions of constant stress, each belonging to distinct vertices but sharing a common edge on the yield contour, is identical to one of the slipline families associated with the common edge.
(iii) The velocity can be discontinuous across the curves considered in (i) and (ii). iv) A stress discontinuity curve can also exist between plastic regions with stress states on different edges or non-neighboring vertices of the yield contour. The velocity field, however, is always continuous across these curves.
Anisotropy with lattice rotation.
Let the yield criterion (3.8) be independent of dislocation density such that
with k a smooth function of its argument. The finite and non-uniform lattice rotation field γ cannot be eliminated; hence we require non-trivial constitutive prescription for plastic spin. The six governing equations for three in-plane stress components (σ 1 , σ 2 , θ), two velocity components (u, v), and lattice rotation angle (γ) are given by (4.1), (4.25), (3.9), (4.2), and (3.14). The equation for lattice rotation, (3.14), can be rewritten as 26) where Ω 21 = −Ω 12 = e 2 · Ωe 1 . Assume Ω ∈ Skw to be a constitutive function of p and θ − γ and therefore independent of the out-of-plane stress components and dislocation density. The plastic 
The system of equations is studied under the assumption of unsteady and steady flow. The former assumes γ to be known at a given time instant. The stress and the velocity field can then be solved for the given γ and substituted into (4.27) to calculate the evolution of lattice rotation.
Steady flow, on the other hand, requires ∂ t γ = 0 for an otherwise unknown γ; the equations are coupled to each other and have to be solved simultaneously for stress, velocity, and lattice rotation. The stress equations can be equivalently written as for lattice rotation, as given below. In this sense, the structure of these equations is comparable to those obtained for plane strain problems of isotropic hardening and granular materials [5, 6] .
The normal form for the spin relation is determined by assuming that neither the stress/velocity characteristics nor the stress discontinuity curves intersect with streamlines. On using velocity equations (3.9) and (4.2) in addition to (4.27) we obtain
where w and q denote the magnitude of velocity and the arc-length parametrization, respectively, along the streamline direction. On the other hand, if the streamline direction is identical to a characteristic curve (say an α-line), but is away from any stress discontinuity, then (4.30) is to be replaced by
whence it is clear that the normal form is no longer an ordinary differential equation along the characteristic. Additionally, the speed w is constant along the streamline, i.e. ∂ s 1 w = 0, and ∂ s 2 (θ + ψ) = 0; both of these follow from (4.21). For a streamline with stress discontinuity, the above equations can be suitably modified with the stress dependent coefficients obtainable from either side of the curve.
The sliplines in a region, with stress states lying on the same linear segment of the yield locus, are two families of curves inclined at η (α-lines) and η + π/2 (β-lines) with respect to e 1 . Here 2η is the anticlockwise inclination of the outward normal to the edge with respect to the positive σ 12 -axis (see Figure 2) on the polar plot. Thus η = γ + η 0 , where 2η 0 is the constant anticlockwise inclination of the outward normal with respect to the positive S 12 -axis. Hence the curvature of the slipline fields is identical to that of the glide lines, where the latter are curves along which the dislocations undergo pure gliding; they are given by a family of two mutually orthogonal curves each with a spatial distribution of edge-type dislocations of same sign [26] (see also [23, 36] , where the two families of curves are a priori assumed to be identical). It should be noted that the sliplines and the glide lines are in general dissimilar (cf. §5 in [26] ); the present case being, of course, an exception.
In the same region as considered above, the velocity equations (4.21) are reduced to
Furthermore, for the considered stress states, 33) where w ′ is the derivative of w(s 2 ) and f (s 2 ) is any smooth function such that ∂ s 2 γ = 0. This follows from (4.31) with the assumption that (1 − Ω 21 sin(2ψ α )) ̸ = 0.
For a region whose (Second Piola) stress state belongs to a vertex on the yield contour, S 11 −S 22 and S 12 are fixed but σ 11 − σ 22 , σ 12 , as well as p are variable due to non-uniformity of γ. The vertex state is also characterized by a given constant value of (θ − γ) (which, for example, is ν for the vertex A in Figure 2 ); hence dθ = dγ. Let H 1 (σ 11 − σ 22 , σ 12 , γ) = 0 and H 2 (σ 11 − σ 22 , σ 12 , γ) = 0 be two yield loci intersecting at the vertex. The stress equations, decoupled from rest of the system, are strictly hyperbolic with characteristic curves inclined at θ ± π/4 with corresponding normal form as p ± 2kθ = constant, where k can be obtained from either of the yield loci. The curvature of these characteristic curves is hence related to the distribution of dislocation density in the region.
The velocity equations, derived from (2.26), consist of (4.2), where Ω 1 21 = e 2 ·Ω 1 e 1 and Ω 2 21 = e 2 ·Ω 2 e 1 are assumed to be constitutive functions of p. These are all together four equations for two velocity components and two plastic multipliers. The latter can be eliminated to get a pair of equations for two velocity fields. The slopes of characteristic directions as well as the normal forms can be obtained after a straightforward, although cumbersome, calculation.
It is noted that the resultant characteristic curves do not coincide with those of stress. More interestingly it should be remarked that, unlike the vertex case discussed in the previous subsection, a completely determined system of velocity equations is now obtained. This adds to the relevance of prescribing plastic spin for anisotropic flows.
The stress discontinuity curves, if present, are inclined at angles calculated from (4.6) and can coincide with sliplines as well as streamlines. However within a region, whose stress states belong to one edge of the yield locus, they necessarily coincide with either sliplines or streamlines. The former situation arises when γ is continuous across the discontinuity curve (the proof is identical to the one provided in the last subsection). The latter is whenever γ jumps, which is possible only across streamlines (see below). The sliplines will have discontinuous slopes across such a streamline with the jump given by γ . On the other hand, across stress discontinuity curves outside the considered region, velocity remains continuous and with vanishing strain-rates, cf. the discussion following (4.12). A possible exception could be within a region with stress state on a single vertex and where stress and γ discontinuities coincide. This can be seen by appropriately modifying (4.10) and the ensuing discussion.
The velocity discontinuity curves, with continuous stress and lattice rotation, are necessarily sliplines; this is verified by constructing a generalized solution of velocity equations (3.9) and (4.2) and using (4.15). The curves with discontinuous lattice rotation fields are necessarily streamlines.
Indeed for a generalized solution of (4.27), solutions too demonstrate increasing sophistication. The difference is also evident in the nature of discontinuities in stress, velocity, and rotation fields. Whereas it is well known that the isotropic theory does not allow for stress and velocity discontinuity curves to coincide, the anisotropic theory places no such restriction. In fact if the stress state is restricted to one edge of a piecewise linear yield locus then the stress discontinuity necessarily coincides with either a slipline or a streamline. A velocity discontinuity curve, across which stress and lattice rotation are continuous, coincides with a slipline. On the other hand a curve with discontinuous rotation, which can also be interpreted as an array of dislocations, is necessarily a streamline.
